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Quantum Bit

• Any 2-dimensional quantum system. E.g. Photon polarisation:

|0〉

|1〉

θ

cos(θ) |0〉+ sin(θ) |1〉

• Superposition of classical states: α |0〉+ β |1〉 where α, β ∈ C and
|α|2 + |β|2 = 1.

|+〉

|−〉

• θ = π
4 : |+〉 = |0〉+|1〉√

2
θ = −π

4 : |−〉 = |0〉−|1〉√
2
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Entanglement

• Two states side by side: ⊗ (distributive over +).

E.g.

(α |0〉+ β |1〉)⊗ |0〉 = α |00〉+ β |10〉

• Entanglement: when multi-qubits state cannot be decomposed.

• EPR (Einstein-Podolsky-Rosen) state:

|00〉+ |11〉√
2

Measurement → same result!

• Allows for quantum teleportation.

In ZX-Calculus: =
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ZX-Calculus

• Introduced by Coecke and Duncan in 2008

• Language from the category theory

• Fitted for quantum evolutions (calculus and reasoning)

• Powerful, and more lax than circuitry

• Set of diagram transformations

• Proof Assistant Quantomatic

• Study quantum error correction, lattice surgery, ...

π/2
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Intuition

One-qubit operators:

Id : Rz(α):
rotation around Z

α Hadamard:
Rx(α):
= HRz (α)H

=α α

States and projectors:
√

2 |0〉: √
2 |1〉: π |00〉+ |11〉: 〈00|+ 〈11|:

Topological equation:

= =
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Intuition

Generalised green dot:

copy: :
|0〉 7→ |00〉
|1〉 7→ |11〉

co-copy:
= copy†

:

|00〉 7→ |0〉
|01〉 7→ 0
|10〉 7→ 0
|11〉 7→ |1〉

α

, α ,

α

, · · · :
|0000〉 7→ |0000〉
|1111〉 7→ e iα |1111〉

7→ 0

α
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ZX-Calculus Generators and Semantics
[Coecke,Duncan’08]

The standard interpretation J.K :

α

· · ·

· · ·

n

m

7→


|0 · · · 0〉 7→ |0 · · · 0〉
|1 · · · 1〉 7→ e iα |1 · · · 1〉

7→ 0

α

· · ·

· · ·

n

m

7→


|+ · · ·+〉 7→ |+ · · ·+〉
|− · · · −〉 7→ e iα |− · · · −〉

7→ 0

7→
{
|0〉 7→ |+〉
|1〉 7→ |−〉 7→ 1

7→
{
|0〉 7→ |0〉
|1〉 7→ |1〉 7→ 〈00|+ 〈11|

7→


|00〉 7→ |00〉
|01〉 7→ |10〉
|10〉 7→ |01〉
|11〉 7→ |11〉

7→ |00〉+ |11〉

with n,m ∈ N and α ∈ R
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ZX-Calculus Compositions

u

v D1

...

...

D2

...

...

}

~ =

u

v D1

...

...

}

~⊗
u

v D2

...

...

}

~ and

u

wwwww
v

D1

...

...

D2

...
}

�����
~

=

u

v D2

...

...

}

~ ◦

u

v D1

...

...

}

~

E.g.

u

wwwwwwwww
v

π/2

}

���������
~

=
r z

◦
(t |

⊗
t |)

◦
(t

π/2

|

⊗
r z)

∝


|00〉 7→ |0+〉
|01〉 7→ |1+〉
|10〉 7→ i |1−〉
|11〉 7→ i |0−〉
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Only Topology Matters
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Spider Rules

· ·
· = α+β

β
· · ·

· · ·· · ·

· · ·
α

· · ·
· · ·

(S1)

= (S2)

= (S3)

Bialgebra Rules

= (B1) = (B2)
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Hadamard Rules

α

· · ·
= α

· · ·

· · ·

· · ·
(H)

π
2

π
2

−π
2

= (EU)

Additional Rules

−π
4

π
4

= (E)

=
π

α

-α

πα

π
(K)

α α+π

=

2α+π

(SUP)
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Soundness, Completeness

• ZX-diagrams are universal:

∀A ∈ C2n × C2m , ∃D : n→ m, JDK = A

• ZX-Calculus is sound:

(ZX ` D1 = D2) ⇒ (JD1K = JD2K)

• Is ZX-Calculus complete? i.e.

(JD1K = JD2K) ⇒ (ZX ` D1 = D2)

π-fragment. [Duncan,Perdrix’13]
π
2 -fragment. [Backens’13]
single-qubit π

4 -fragment. [Backens’14]

? many-qubits π
4 -fragment (≡ Clifford+T): Open Question

No in general (with angles in R). [de Witt,Zamdzhiev’14]

π
p
-fragment: the restric-

tion to angles multiple of
π
p

not uni-

versa
l

approx.→
univ.
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4 -fragment (≡ Clifford+T): Open Question

No in general (with angles in R). [de Witt,Zamdzhiev’14]

π
p
-fragment: the restric-

tion to angles multiple of
π
p

not uni-

versa
l

approx.→
univ.
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“π4 -Completeness” Rules

βα π

βγ

-γ

α
=

α

απ

β -γ

γ

β
(C)

π
4

π
4

π
4

−π
2

π
4

π
4

π
4

=
π
4π

π
2

π
4

π
4

π

π
4

(BW)



16/20

Set of Rules ZXπ/4 [Jeandel,Perdrix,Vilmart’17]
· ·
· = α+β

β
· · ·

· · ·· · ·

· · ·
α

· · ·
· · ·

(S1) = (S2)
=

(S3)

−π
4

π
4

= (E) = (B1) = (B2)

π
2

π
2

−π
2

= (EU) α

· · ·
= α

· · ·

· · ·

· · ·
(H)

βα π

βγ

-γ

α
=

α

απ

β -γ

γ

β
(C)

=
π

α

-α

πα

π
(K)

α α+π

=

2α+π

(SUP)

π
4

π
4

π
4

−π
2

π
4

π
4

π
4

=
π
4π

π
2

π
4

π
4

π

π
4

(BW)

+ colour-swapped versions
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Soundness, Completeness

• ZX-diagrams are universal:

∀A ∈ C2n × C2m , ∃D : n→ m, JDK = A

• ZX-Calculus is sound:

(ZX ` D1 = D2) ⇒ (JD1K = JD2K)

• Is ZX-Calculus complete? i.e.

(JD1K = JD2K) ⇒ (ZX ` D1 = D2)

π-fragment. [Duncan,Perdrix’13]
π
2 -fragment. [Backens’13]
single-qubit π

4 -fragment. [Backens’14]
many-qubits π

4 -fragment (≡ Clifford+T) [JPV’17]

No in general (with angles in R). [de Witt,Zamdzhiev’14]

π
p
-fragment: the restric-

tion to angles multiple of
π
p

not uni-

versa
l

approx.→
univ.
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Completeness in General

• First complete axiomatisation in general [Ng,Wang’17]: 2 additional
generators, ∼20 additional axioms

• Refinement [JPV’17b]: 0 new generator, 1 additional axiom:

θ2θ1

α-α β -β

=

γ
-γ

2e iθ3 cos(γ) = e iθ1 cos(α) + e iθ2 cos(β)

π
2

π
4

π
4

θ3

π
4 π

4

(A)
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• First complete axiomatisation in general [Ng,Wang’17]: 2 additional
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• Refinement [JPV’17b]: 0 new generator, 1 additional axiom:

θ2θ1

α-α β -β

=

γ
-γ

2e iθ3 cos(γ) = e iθ1 cos(α) + e iθ2 cos(β)

π
2

π
4

π
4

θ3

π
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4
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Conclusion

• Completeness for an approximately universal fragment

• Completeness in general

Remaining Questions:

• Necessity of the axioms

• (Pseudo-)normal form for ZX-diagrams

• Possibility to orient the axioms

• Completeness for other fragments

• Application to circuits
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Circuits to ZX-diagrams

7→X π 7→H 7→RZ (α) α

⊕ 7→ 7→×

×
7→

Z

7→
n ∈ {0, 1}

nπ

nπ

⊕ 7→

−π
4 π

4

π
2

π
π
4−π

4
π
2
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